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Abstract. Most algorithms of computational geometry are designed for the Real-
RAM and non-degenerate inputs. We call such algorithms idealistic. Executing an
idealistic algorithm with floating point arithmetic may fail. Controlled perturba-
tion replaces an input x by a random nearby x̃ in the δ -neighborhood of x and then
runs the floating point version of the idealistic algorithm on x̃. The hope is that
this will produce the correct result for x̃ with constant probability provided that δ
is small and the precision L of the floating point system is large enough. We turn
this hope into a theorem for a large class of geometric algorithms and describe a
general methodology for deriving a relation between δ and L. We exemplify the
usefulness of the methodology by examples.

Most algorithms of computational geometry are designed for Real-RAMs and non-
degenerate inputs. A Real-RAM computes with real numbers in the sense of mathe-
matics. The notion of degeneracy depends on the problem; examples are collinear or
cocircular points or three lines with a common point. We call an algorithm designed
under the two simplifying assumptions an idealistic algorithm. Implementations have
to deal with the precision problem (caused by the Real-RAM assumption) and the de-
generacy problem (caused by the non-degeneracy assumption). The exact computation
paradigm [10, 9, 3, 14, 12, 13] addresses the precision problem. It proposes to imple-
ment a Real-RAM tuned to geometric computations. The degeneracy problem is ad-
dressed by reformulating the algorithms so that they can handle all inputs. This may re-
quire non-trivial changes. The approach is followed in systems like LEDA and CGAL.
Halperin et al. [5, 7, 6] proposed controlled perturbation to overcome both problems.
The idea is to solve the problem at hand not on the input given but on a nearby input.
The perturbed input is carefully chosen, hence the name controlled perturbation, so that
it is non-degenerate and can be handled with approximate arithmetic. They applied the
idea to three problems (computing polyhedral arrangements, spherical arrangements,
and arrangements of circles) and showed that variants of the respective idealistic algo-
rithms can be made to work. Funke et al. [4] extended their work and showed how to
use controlled perturbation in the context of randomized algorithms, in particular ran-
domized incremental constructions, and designed specific schemes for planar Delaunay
triangulations and convex hulls and Delaunay triangulations in arbitrary dimensions.
We extend their work further. We prove that controlled perturbation and guarded tests
are a general conversion strategy for a wide class of geometric algorithms; the papers
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cited above hint at this possibility but do not prove it. Moreover, we develop a general
methodology for analyzing controlled perturbation, in particular, for deriving quantita-
tive relations between the amount of perturbation and the precision of the approximate
arithmetic.

1 Controlled Perturbation (Review from [4])

Geometric algorithms branch on geometric predicates. Typically, geometric predicates
can be expressed as the sign of an arithmetic formula E. For example, the orientation
predicate for d +1 points in R

d is given by the sign of a (d +1)× (d +1) determinant:
the determinant has one row for each point and the row for a point contains the coordi-
nates of the point followed by the entry 1 and evaluates to zero iff the d + 1 points lie
in a common hyperplane. This is considered a degeneracy.

When evaluating an arithmetic formula E using floating-point arithmetic, round-off
error occurs which might result in the wrong sign being reported. If this stays unde-
tected, the program may enter an illegal state and disasters may happen, see [11] for
some instructive examples. In order to guard against round-off errors, we postulate the
availability of a predicate GE with the following guard property: If GE evaluates to
true when evaluated with floating point arithmetic, the floating point evaluation (fp-
evaluation) of E yields the correct sign. In an idealistic algorithm A we now guard
every sign test by first testing the corresponding guard. If it fails, we abort. We call the
resulting algorithm a guarded algorithm and use Ag to denote it.

The controlled perturbation version of idealistic algorithm A is as follows: Let δ
be a positive real. On input x, we first choose a δ -perturbation x̃ of x and then run the
guarded algorithm Ag on x̃. If it succeeds, fine. If not, repeat. What is a δ -perturbation?
A δ -perturbation of a point is a random point in the δ -cube (or δ -ball) centered at the
point and for a set of points a δ -perturbation is simply a δ -perturbation of each point
in the set. For more complex objects, alternative definitions come to mind, e.g., for a
a circle one may want to perturb the center or the center and the radius. The goal is
now to show experimentally and/or theoretically that Ag has a good chance of working
on a δ -perturbation of any input and a small value of δ . More generally, one wants
to derive a relation between the precision L of the floating point system (= length of
the mantissa), a characteristic of the input set, e.g., the number of points in the set and
an upper bound on the maximal coordinate of any point in the input, and δ . Halperin
et al. have done so for arrangements of polyhedral surfaces, arrangements of spheres,
and arrangements of circles and Funke et al. have done so for Delaunay diagrams and
convex hulls in arbitrary dimensions.

We want to stress that a guarded algorithm can be used without any analysis. Sup-
pose we want to use it with a certain δ . We execute it with a certain precision L. If it does
not succeed, we double L and repeat. Our main result states that this simple strategy
terminates for a wide class of geometric algorithms. Moreover, it gives a quantitative
relation between δ and L and characteristic quantities of the instance.

Guard predicates must be safe and should be effective, i.e., if a guard does not
fire, the approximate sign computation must be correct, and guards should not fire too
often unnecessarily. It is usually difficult to analyze the floating point evaluation of GE



E Ẽ Ẽsup indE

c = const c |c| 0

x+ y or x− y x̃⊕ ỹ or x̃ª ỹ x̃sup ⊕ ỹsup 1+max(indx, indy)

x · y x̃¯ ỹ x̃sup ¯ ỹsup 1+ indx + indy

x1/2
√

x̃

{
(x̃sup ® x̃)¯

√
x̃ if x̃ > 0√

x̃sup ¯2p/2 if x̃ = 0
1+ indx

Table 1. Rules for calculating error bounds. ⊕, ª, ¯, ®, and √ stand for floating point addition,
subtraction, multiplication, division, and square-root, respectively.

directly. For the purpose of the analysis, we therefore postulate the existence of a bound
predicate BE with the property: If BE holds, GE evaluates to true when evaluated with
floating point arithmetic. We next give some concrete examples for guard and bound
predicates.

When E is evaluated by a straight-line program, it is easy to come up with suitable
predicates GE and BE using forward error analysis. For example, the rules in Table 1
([1]) recursively define two quantities Ẽsup and indE for every arithmetic expression E
such that |E − Ẽ| ≤ BE := Ẽsup · indE · 2−L where Ẽ denote the value of E computed
with floating point arithmetic and L denotes the mantissa length of the floating-point
system. (i.e. L = 52 for IEEE doubles). We can then use GE ≡

(
|Ẽ| > BE

)
and BE ≡

(|E| > 2BE), where BE is valid since it guarantees that |Ẽ| = |E| − |E − Ẽ| > 2BE −
BE = BE by the inverse triangle inequality. For the orientation test of three points in
the plane, one obtains Borient = 24 ·M22−L and for the incircle test of four points in
the plane, one obtains Bincircle = 432 ·M42−L. In both cases, it is assumed that all point
coordinates are bounded by M in absolute value.

We assume for this paper that input values are bounded by M in absolute value
and that bound predicates are of the form cEMeE 2−L where cE and eE are constants
depending on the predicate expression E. If E is a polynomial, eE is the degree of the
polynomial.

2 The Class of Algorithms

Our result applies to algorithms which can be viewed as decision trees. There is a deci-
sion tree Tn for each input size n. We assume that the input consists of a set of n points
with coordinates bounded by M in absolute value. Boundedness is essential in some
of our arguments and we leave it as a challenge to remove this restriction. The inter-
nal nodes of the decision tree are labelled by predicate evaluations sign f (xi1 , . . . ,xik)
where f stems from a fixed finite set of real-valued functions (for example, orientation
of three points or the incircle test of four points) and the xi j are input points. The tree
is ternary and branches according to the sign of f . Observe that predicates can only
be applied to input points and not to computed points. This restriction can be relieved



somewhat. For example, if the input consists of a set of line segments, each specified
by a pair of points, then a predicate applied to an intersection point of two segments is
easily reduced to a more complex predicate involving only input points. What predicate
functions are allowed? We require that the functions f fulfil the postulates set forth in
Section 4.

Many algorithms of computational geometry are within the model, e.g., Delaunay
diagram and Voronoi diagram computations, convex hulls, line arrangements, . . . . It
is important to understand the limitations of the model. Gaussian Elimination for n×n
matrices is outside the model since it tests the sign of expressions depending on all n2

matrix entries. So the number of predicate functions is infinite and their arity is not
bounded. Observe however, that Gaussian elimination on d × d matrices used in an
algorithm to compute convex hulls of n points in R

d is within the model as d does
not depend on the input size. Algorithms whose running time depends on actual point
coordinates and not just on the number of points are also outside the model. It is the
subject of further work to weaken this restriction.

3 The Basic Idea

We concentrate on a single predicate, say P(x1, . . . ,xk) = sign f (x1, . . . ,xk), of k points
in the plane. The treatment readily generalizes to points in higher dimensions. Forward
error analysis gives us an expression B f which upper bounds the error in the evaluation
of f . For this extended abstract, we assume that B f is a constant as discussed above. We
can make B f arbitrarily small by increasing the precision L of the floating point system.

We want to prove a result of the following form: If each coordinate of any input
point is modified by a random number in [−δ ,+δ ] and the program is executed with
sufficiently high floating point precision L, the guarded program succeeds with proba-
bility at least 1/2. It is clear that such a result is true if f is continuous and the zero
set of f is lower-dimensional, because then the set of k-tuples for which | f | < 2B f is
within a small neighborhood of the zero set. In order to obtain a quantitative relation
between δ and L, we need to estimate the maximal volume of the set of k-tuples with
| f | < 2B f within an arbitrary axis-oriented 2δ -cube.

We suggest a general approach for deriving such estimates exploiting the fact that
functions f underlying geometric predicates have structure. As a first step, we split the
arguments of f into k− 1 points x and a single point x. We write f (x,x) even if x is
not the last argument of f . We consider the points in x fixed and the point x variable.
Geometric predicates can usually be interpreted as follows: x defines a partition of the
plane into regions and P tells the location of x with respect to this partition. P returns
zero if x lies on a region boundary, +1 if x lies in the positive regions, and −1 is x lies
in the negative regions. We use Cx = {x : f (x,x) = 0} to denote the zero set of f and
call it the curve of degeneracy. If λx. f (x,x) is identically zero1, we call x degenerate.
We call it regular, otherwise.

Some examples: (1) in the orientation predicate of three points p, q, and r, the first
two points (x comprises p and q) define an oriented line `(p,q) and orient(p,q,r) tells

1 We use the notation λx. f (x,x) to emphasize that we view f as a function of x and keep x fixed.



the location of r (x corresponds to r) with respect to this line. The curve of degeneracy
is the line `(p,q) if p 6= q. The pair (p,q) is degenerate if p = q. (2) in the side of circle
predicate of four points p, q, r, and s, the first three points define an oriented circle
C(p,q,r) and soc(p,q,r,s) tells the location of s with respect to this circle. The curve of
degeneracy is C(p,q,r) and the triple (p,q,r) is degenerate if it contains equal points.
(3) in the side-of-wedge predicate of four points p, q, r, and s, the first three points
define a wedge with boundaries `(p,q) and `(p,r) and sow(p,q,r,s) tells the location
of s with respect to this wedge. The curve of degeneracy is `(p,q)∪`(p,r) and the triple
(p,q,r) is degenerate if either q = p or r = p.

The function λx. f (x,x) is zero on the curve of degeneracy. It will be small near it
and larger further away, i.e., | f (x,x)| measures, in some sense, locally the distance of x
from the curve of degeneracy.

In our examples this is quite explicit: (1) orient(p,q,r) = sign fo(p,q,r) where2

| fo(p,q,r)| = dist(p,q) · dist(r, l(p,q)), (2) soc(p,q,r,s) = sign fsoc(p,q,r,s) where3

| fsoc(p,q,r,s)| ≥ (1/2)dist(p,q)dist(p,r)dist(q,r)dist(C,s) and C denotes the circle or
line defined by the first three points, and finally (3) sow(p,q,r,s) = sign fsow(p,q,r,s)
where | fsow(p,q,r,s)| = | fo(p,q,s) · fo(p,r,s)| = dist(p,q) · dist(p,r) · dist(s, `(p,q)) ·
dist(s, `(p,r)) ≥ dist(p,q) ·dist(p,r) ·dist(s, `(p,q)∪ `(p,r))2.

Assume we have a function g(x,d) such that | f (x,x)| ≥ g(x,dist(x,Cx)) ≥ 0 that is
non-zero if dist(x,Cx) > 0, i.e., we bound f (x,x) from below by a function in x and the
distance of x from the curve of degeneracy. The requirement | f (x,x)| ≥ 2B f would then
translate into the condition g(x,dist(Cx,x))≥ 2B f , i.e., if x lies outside a certain tubular
neighborhood of the curve of degeneracy Cx, | f (x,x)| is guaranteed to be at least 2B f .
The width of the tubular region is related to the growth of g and depends on x. What
can we say about the growth of g?

Again it is useful to consider our examples. For the orientation predicate, we have
g(p,q,d) = dist(p,q) · d and so g grows linearly in d with slope dist(p,q), for the
side-of-circle predicate, we have g(p,q,r,d) ≥ dist(p,q)dist(p,r)dist(q,r) · d and so
g grows at least linearly in d with slope dist(p,q)dist(p,r)dist(q,r), and for the side-
of-wedge predicate, we have g(p,q,r,d) ≥ dist(p,q) · dist(p,r) · d2 and so g grows at
least quadratically in d with factor dist(p,q) · dist(p,r). The slope (factor) is zero for
degenerate x (p = q for the orientation predicate, |{p,q,r}| ≤ 2 for the side-of-circle
predicate, and p ∈ {q,r} for the in-wedge-predicate) and grows in the distance of x
from degeneracy. We want to guarantee that the slope (factor) has a certain guaranteed
size because this allows us to control the width of the forbidden region for x.

So we proceed as follows. We fix the width of the forbidden region for x at some
value γ and then study the function g(x,γ). We study the conditions on x guaranteeing
g(x,γ)≥ 2B f . Now g(x,γ) has one less argument and so continuing in this way k times,
we arrive at a trivial case. The non-trivial details are given in the next section.

2 fo is the value of a 3× 3 determinant. The value of the determinant is twice the signed area
of the triangle formed by the three points which in turn is the distance of the first two points
times the distance of the third point from the line through the first two points.

3 We are going to prove this in section 5.



Let us consider our examples: In all three examples the perturbation must guaran-
tee that points have a certain minimum distance. This will guarantee that dist(p,q),
dist(p,q) ·dist(p,r), and dist(p,q)dist(p,r)dist(q,r) have certain minimum values.

4 The General Scheme

We concentrate on a single predicate f of k point variables.

Requirement 1 f is continuous and f is not identically zero.

In order to apply the scheme, one needs to determine a family of non-negative con-
tinuous functions fs, one for every sequence s = (s0,s1, . . . ,s`−1) with 1 ≤ ` ≤ k and
s j ∈ [1 . . .k− j] for 0≤ j ≤ `−1; s describes the order in which we eliminated variables,
we first eliminated the s0-th variable of a k-argument function, then the s1-th variable of
a k−1-argument function, and so on. The function fs depends on k− ` point variables.
For the empty sequence ε , we set fε = | f |. One also needs to fix positive constants
γ`. Consider a fixed s with ` := |s| < k; fs is a function of k− ` point variables. Let
h∈ [1 . . .k−`] be arbitrary and let t = s◦h. We use x to denote the h-th variable of fs and
x to denote the remaining k− `− 1 variables. We write fs(x,x) instead of fs(x′,x,x′′)
where x′ comprises the first h− 1 arguments and x′′ comprises the last k− `− h argu-
ments. For each x, let Ct

x = {x : fs(x,x) = 0}. We call Ct
x the curve of degeneracy. If

Ct
x = /0, we set Ct

x to an arbitrary singleton set for purely technical reasons. We call x
degenerate if λx. fs(x,x) is identically zero and regular otherwise.

We next define the lower bound function. Let Ud = {x ∈ U : dist(x,Ct
x) ≥ d} and

let d0 be maximal such that Ud is non-empty. Define gt(x,d) := minx∈Ud fs(x,x) for
0 ≤ d ≤ d0 and gt(x,d) := gt(x,d0) for d ≥ d0.

Lemma 1. The function gt(x,d) is non-decreasing in its second argument, gt(x,d) > 0
for d > 0 if x is regular, and gt(x,d) = 0 for all d if x is degenerate.

Proof. If x is degenerate, λx. fs(x,x) is identically zero and hence gt(x,d) = 0 for all d.
If x is regular, Cx is a closed proper subset of U and hence d0 > 0. Also Ud is a closed
non-empty subset of U for 0 < d ≤ d0. Since fs is continuous, infx∈Ud fs(x,x) is attained
for a point x ∈Ud and fs(x,x) > 0. Thus gt(x,d) > 0.

Requirement 2 ft(x) is a continuous function with 0 ≤ ft(x) ≤ gt(x,γ`) and ft(x) = 0
iff x is degenerate.

In our applications, gt(x,γ`) is continuous and we may choose ft(x) = gt(x,γ`).
Allowing an inequality, gives additional flexibility. However, there are situations where
gt(x,γ`) is not continuous.

Lemma 2. If |s| = k, fs is a positive constant.

Proof. Let (x1, . . . ,xk)∈Uk be such that f (x1, . . . ,xk) 6= 0. We may assume without loss
of generality that s = (k,k−1, . . . ,1), i.e., we remove the arguments from the end. We
prove f(k,k−1,...,k−i+1)(x1, . . . ,xk−i) 6= 0 by induction on i. For i = 0, there is nothing to
prove. So assume i ≥ 1. We have f(k,k−1,...,k−i+2)(x1, . . . ,xk−i,xk−i+1) 6= 0 by induction
hypothesis. So, x = (x1, . . . ,xk−i) is regular and hence f(k,k−1,...,k−i+1)(x1, . . . ,xk−i) > 0.



The Perturbation: Our input are points q1, q2, . . . . We move each qi to a random point
pi in the δ -cube centered at qi. Assume that we have already chosen p1 to pn−1 and
that the following perturbation property (PP) holds true: for every sequence s, ` := |s|,
and every tuple of distinct indices j1 to jk−` in [1..n−1]: fs(p j1 , . . . , p jk−`

) ≥ 2B f . For
n = 1, the conditions are vacuously true if ` < k. For ` = k, fs is a positive constant and
hence by making the mantissa length L large enough, we can satisfy all conditions.

Requirement 3 Precision L is large enough so that 2B f ≤ fs for all s with |s| = k.

We now choose pn.

Lemma 3. If for all `, 0 ≤ ` < k, any t with |t| = `+ 1, and any tuple of distinct in-
dices j1 to jk−`−1 in [1..n− 1] and p = (p j1 , . . . , p jk−`−1), pn does not lie in the γ`-
neighborhood of Ct

p, (PP) holds for n. Moreover, if these neighborhoods together cover
at most a fraction 1/(2n) of the δ -cube centered at qn, the precondition fails with prob-
ability at most (1/2n).

Proof. Consider the application of any fs to a k − ` tuple of perturbed points. If pn
is not among them, (PP) holds by induction hypothesis. If pn is among them, assume
it is the h-th argument where 1 ≤ h ≤ k − `. Let t = s ◦ h and let p be the remaining
arguments. By induction hypothesis we have ft(p) ≥ 2B f . Also dist(pn,Ct

p) ≥ γ` and
hence fs(p, pn) ≥ gt(p,dist(pn,Ct

p)) ≥ gt(p,γ`) = ft(p) ≥ 2B f .

We also need that the local geometry of the curves of degeneracy is simple.

Requirement 4 There are constants C and δ0 such that for 0 ≤ δ ≤ δ0 and all p satis-
fying (PP), the γ`-neighborhood of Ct

p covers at most an area C · γ` ·δ of any δ -cube.

The requirement excludes space filling curves and sets Ct
p containing an open set. In

some cases, the space estimate can be improved. In particular, if Ct
p consists only of a

constant number of points, the estimate can be improved to Cγ2
` . Our final requirement

relates δ and the γl .

Requirement 5 2Ck! ·∑0≤`<k nk−`γ` ≤ δ

Theorem 1. If requirements (1) to (5) hold and the input consists of n points, then with
probability 1/2 the fp-evaluation of f yields the correct sign for any k-tuple of distinct
perturbed points.

Proof. Consider any ` with 0 ≤ ` < k. There are no more than k! sequences t with
|t|= `+1. Also there are at most nk−`−1 tuples of k−`−1 distinct indices in [1,n]. Thus
the total area covered by the γ`-neighborhoods of all Ct

p is at most k!nk−`−1 ·C · γ` · δ .
The sum over all ` of this quantity is at most δ 2/(2n) by requirement (5). Thus the
probability that the choice of pi for any fixed i with 1 ≤ i ≤ n does not support the
induction step is at most 1/(2n) and hence the probability that some induction step fails
is at most 1/2. Thus with probability at least 1/2, we have (PP) for n. Since fε = | f |,
this implies that the fp-evaluation of f yields the correct sign for any k-tuple of distinct
perturbed points.



We give an example. f (p,q,r) = orient(p,q,r) = dist(p,q) · dist(r, `(p,q)). We
compute f(3,2,1). Let t = (3). We have Ct

x = `(p,q). Then g(3)(p,q,d) = dist(p,q) ·d and
hence f(3)(p,q) = dist(p,q) · γ0. Let t = (3,2). We have Ct

x = {p}. Then g(3,2)(p,d) =
d · γ0 and hence f(3,2)(p) = γ1 · γ0. Let t = (3,2,1). We have Ct

x = /0 and set it to
Ct

x = {(0,0)}. Then g(3,2,1)(d) = γ1 · γ0 and hence f(3,2,1)(p) = γ1 · γ0. We may use
C = 4, need 48M22−L ≤ γ1 · γ0 to satisfy requirement 3 and 48 · (n3γ0 +n2γ1 +nγ2)≤ δ
to satisfy requirement 5. With γ2 = 0, γ0 = δ/(96n3), γ1 = δ/(96n2), the requirement
for L becomes L ≥ 2log(M/δ ) + 5logn + O(1). This can be improved somewhat by
using the fact that requirement 5 can be replaced by 24(n2γ0δ + nγ2

1 ) ≤ δ 2/(2n) since
for t = (3,2), the curve of degeneracy consists of a single point. With γ0 = δ/(96n3)
and γ1 = δ/(

√
96n), the requirement for L becomes L ≥ 2log(M/δ )+4logn+O(1).

We summarize: In order to apply the scheme, one first fixes δ to a value suitable
for the application. Then one fixes the γ` to values obeying requirement 5 and deter-
mines suitable functions ft . This might require some ingenuity and is the subject of the
discussion below. Finally, one determines C and makes L large enough to guarantee
requirement 3. We next specialize and make the general scheme more concrete.

The function f is frequently symmetric in its arguments up to change of sign, i.e.,
permuting the arguments does not change the absolute value. In the case of symmetric
functions, the functions ft only depend on the length of t and not on the actual structure
of t. Writing f` for ft with |t| = ` we obtain a sequence of functions f0, f1 to fk where
f` has k − ` arguments. For simplicity, we restrict most of the further discussion to
symmetric functions.

In our examples, the functions g` are separable, i.e., we have g`+1(x,d) = h`+1(x) ·
de` ·∏0≤i<` γei

i for some function h`+1 and some integers ei. More frequently, we can
locally bound g`(x,d) from below by a separable function, i.e., we have a positive
constant d` and a continuous function h`+1(x) with h`+1(x) = 0 iff x is degenerate such
that g`+1(x,d) ≥ h`+1(x) · de` ·∏0≤i<` γei

i for d ≤ d` and g`+1(x,d) ≥ h`+1(x) · de`
` ·

∏0≤i<` γei
i for d ≥ d`. With γ` ≤ d` for all `, we obtain f`+1(x) = h`+1(x) ·∏0≤i≤` γei

i
and hence fk = c · γe0

0 · · ·γek−1
k−1 for some constant c = hk. Thus requirement 3 becomes

2B f ≤ c · γe0
0 · · ·γek−1

k−1 .
What is a good choice for the γ`? The condition γ` ≤ d` makes it difficult to give a

general answer. We therefore assume d` = ∞ for all `. We want to minimize ∑` nk−`γ`

subject to the constraint 2B f ≤ c · γe0
0 · · ·γek−1

k−1 . There is an extremal point where the
inequality is an equality. The Kuhn-Tucker conditions tell us that at an extremal point
the partial derivatives of the objective function and the constraint with respect to the
γ` must line up, i.e., there is a λ such that nk−` = λ2B f e`/γ` for all `. Thus γ` =

λ2B f e`/nk−` and hence λ =
(
(2B f /c)nS/∏` ee`

`

)1/E
/(2B f ) where E = e0 + . . .+ek−1

and S = ∑`(k− `)e`. Then δ ≥ 2Ck!∑` nk−`γ` = 2Ck!E
(
(2B f /c)nS/∏` ee`

`

)1/E . This

becomes δ ≥ 2Ck!E
(
2(c f /c)Md2−LnS/∏` ee`

`

)1/E for f a polynomial of degree d in k
point variables and hence B f = c f Md2−L. Thus we need

L ≥ E log(1/δ )+S logn+d logM +O(1) .

The major terms in this lower bound can be explained intuitively. We have to compute
with numbers as large as Md and this requires d logM bits before the binary point. We



want to perturb by as little as δ and hence we need at least log(1/δ ) after the binary
point. This is multiplied by the sum E of exponents. The number of potential predicate
evaluations grows like nk and hence there should be a term O(k logn) to account for
them. We have no intuitive explanation for the term S logn.

A key step in applying our methodology is to find the appropriate functions ft . We
give some guidelines on how to find them.

Consider f and a regular x. For any x ∈ U , let x0 be the point on Cx closest to x.
Define gx(d) = f (x,x0 + d(x− x0)/||x− x0||) where d ∈ R≥0 and consider the Taylor
or Puiseux expansion of gx at 0. If the Taylor expansion exist, there are D > 0, e ≥ 1,
and c > 0 depending on x and x0 such that |gx(d)| ≥ c ·de provided that d ≤ D. We may
choose e as the index of the first non-zero coefficient in the Taylor expansion and c as
one half of this Taylor coefficient. If e and D can be chosen indecently of x and x and
c = c(x) depends only on x but not on x, we have a locally valid bound of the desired
form: | f (x,x)| ≥ c(x) ·dist(x,Cx)

e for dist(x,Cx) ≤ D.
A frequently occurring case is that Cx has no singularities whenever x is regular.

Let ∇ f be the vector of partial derivatives of f with respect to the coordinates of x and
let |∇ f |(x,x) be the length of the gradient vector at (x,x). If Cx has no singularities,
|∇ f |(x,x0) > 0 for all x0 ∈ Cx and hence the minimum length of the gradient over all
points on Cx is positive. Let h(x) = minx0∈Cx |∇ f |(x,x0). Then h(x) > 0 if x is regular
and h(x) = 0 if x is degenerate. Also, gx(d) ≈ |∇ f |(x,x0) · d ≥ (1/2)h(x) · d and we
have a separable representation which is linear in the distance and is valid for small d.

Another frequently occurring case is that f is a polynomial in the point coordinates.
If x is regular, the curve Cx has a finite number of singularities. Let S be the set of
singularities. For all points x such that x0 is at least ε away from any singularity, we
can proceed as above and obtain a linear estimate in d. Near singularities, we proceed
as follows. Let s be a singularity and assume w. l. o. g that s is the origin. Let m be all
terms of minimal degree in f . Then f (x,x) ≈ m(x,x) for x near s. The terms in m have
common degree e in the point coordinates of x; the coefficients are polynomials in the
point coordinates of the points in x. Over the reals, m factors into a product of linear
factors and irreducible quadratic factors. Each linear factor `i defines a line through the
origin whose coefficients are functions in x and hence |`i(x,x)| = ci(x)dist(x, `i). An
irreducible quadratic factor q j contains only a single real point, namely the origin, and
the function value of q j grows quadratically in the distance of x from s, i.e., |q j(x,x)| ≥
c j(x)dist(x,s)2 for some c j(x). Thus

m(x,x) ≥ ∏
i

ci(x) ·dist(x, `i) ·∏
j

c j(x) ·dist(x,s)2

≥ ∏
i

ci(x) ·∏
j

c j(x) ·dist(x, · · ·∪ `i ∪·· ·)e ≈ ∏
i

ci(x) ·∏
j

c j(x) ·dist(x,Cx)
e ,

and there is hope for a separable bound which grows like de.

5 Applications

We apply the methodology to the side-of-circle test of four points in the plane. It tells
the side of a query point with respect to an oriented circle defined by three points. We



have three points pi = (xi,yi), 1 ≤ i ≤ 3, and a query point p = (x,y). Let us assume
first, that the three points are not collinear. Let R be the radius of the circle C defined by
the first three points. We may assume w. l. o. g. that the circle is centered at the origin.
Then x2

i + y2
i = R2 for all i. Let ∆ be the signed area of the triangle (p1, p2, p3). The

side-of-circle test is given by the sign of the determinant

f0(p1, p2, p3, p) =

∣∣∣∣∣∣∣∣

1 x1 y1 x2
1 + y2

1
1 x2 y2 x2

2 + y2
2

1 x3 y3 x2
3 + y2

3
1 x y x2 + y2

∣∣∣∣∣∣∣∣
= −

∣∣∣∣∣∣

x1 y1 R2

x2 y2 R2

x3 y3 R2

∣∣∣∣∣∣
+(x2 + y2) ·

∣∣∣∣∣∣

1 x1 y1
1 x2 y2
1 x3 y3

∣∣∣∣∣∣

= −R22∆ +(x2 + y2)2∆ = 2∆(x2 + y2 −R2) .

This predicate was already analyzed in [4] using non-trivial geometric reasoning. The
purpose of this section is to show that the same result, in fact, a slightly better result,
can be obtained by generic reasoning. The curve of degeneracy is the cycle C and the

normal vector at p0 = (x0,y0) ∈C is (4x0,4y0)∆ and has norm 4
√

x2
0 + y2

0|∆ | = 4R|∆ |.
This is independent of p0. So the first order approximation of f0’s absolute value is
4R|∆ | ·dist(p,C). In fact, one half of this is even a global lower bound. Namely,

| f0(p1, p2, p3, p)| = 2|∆ | · |
√

x2 + y2 −R| · (
√

x2 + y2 +R) ≥ 2R|∆ | ·dist(p,C) .

Let a = dist(p1, p2), b = dist(p1, p3), c = dist(p2, p3), and let α be the angle at p3 in
the triangle (p1, p2, p3). Then 2R = a/sinα and |∆ |= (1/2)bcsinα and hence 2R|∆ |=
1/2 ·abc. Thus

| f0(p1, p2, p3, p)| ≥ 1
2

dist(p1, p2)dist(p1, p3)dist(p2, p3)dist(C, p)

and by continuity of the determinant the latter inequality is also true if the points p1,
p2, and p3 are collinear. In this case, C is the line passing through the first three points.
The formula also tells us that the triple (p1, p2, p3) is regular iff the points are pairwise
distinct.

We next consider f1(p1, p2, p)/γ0 = (1/2) · dist(p1, p2)dist(p1, p)dist(p2, p). We
consider p1 and p2 as fixed and treat p = p3 = (x,y) as a variable. If p1 = p2, the func-
tion is identically zero. If p1 6= p2 we have f1(p1, p2, p) = 0 iff p = p1 or p = p2. Thus
the curve of degeneracy consists of the two isolated points p1 and p2 and its tubular
neighborhood is two circles. We want to bound f1 from below. We may assume that p is
closer to p1 than to p2. Then dist(p, p2) ≥ dist(p1, p2)/2 and hence f1(p1, p2, p)/γ0 ≥
dist(p1, p2)

2/4 ·dist(p,{p1, p2}). Therefore f2(p1, p)/(γ0γ1) = dist(p1, p)2/4 and fur-
ther f3(p1)/(γ0γ1γ2

2 ) = 1/4. In fact, there is no real reason to go down to f3. We can
also argue about f0 directly. If any two points have a certain minimum distance m,
f0(p1, p2, p3, p)≥ m3/2 ·dist(p,C). In [4], ∆ 3/2 was considered instead of ∆R and then
the curve of degeneracy is the line spanned by p1 and p2. The tubular neighborhood is
then a strip and the forbidden region is larger.

The computation of Voronoi diagrams of line segments is computationally difficult.
The available exact algorithms [2] are slow, the fast algorithm of M. Held [8] is not



guaranteed to work for all inputs. The key test in the algorithms in the side-of-circle
test: A circle C is specified by three sites (points or lines) and the position of a fourth
site (point or line) with respect to C is to be determined, see Figure 5. We discuss the
situation where the fourth site is a line segment given by points p and q. Let C have
center c and radius R and let p be outside C. The query point is q = (x,y). We want to
know whether the line `(p,q) intersects, touches, or misses C. There are different ways
of realizing this test. For simplicity let us put p at (0,0) and c at (c0,0).

PSfrag replacements

c

q

p

t

C

In [2] the test is realized by comparing R and
dist(`(p,q),c), the distance of c from the line `. The
line has equation yx̃−xỹ = 0 (here x and y are the coeffi-
cients and x̃ and ỹ are the variables. The signed distance
of c from this line is yc0/

√
x2 + y2 and hence the test

is realized by the formula yc0 −±R
√

x2 + y2. For each
choice of sign, the curve of degeneracy is one of the tan-
gents t from p at C; the equations for the tangents are

y = ±Rx/
√

c2
0 −R2. We leave it to the reader to verify

that the norm of the normal vector has the same value
for all points on the curve of degeneracy.

Alternatively, we may locate q with respect to the
tangents from p at C. We further discuss this method.
Let us concentrate on one of the tangents. We refer to it

as t. Then the location of q = (x,y) is given by the sign of E =
√

c2
0 −R2 · y−R · x.

Observe that c0 is the distance between c and p. Hence the general form for arbitrary p
and c is given by E =

√
dist(p,c)2 −R2 · (y− yp)+R · (x− xp).

The circle C is defined by three sites. We treat the case of three points sites, the
other cases are somewhat more involved. Let our three points be pi = (xi,yi), 1 ≤ i ≤ 3.
The center c has coordinates (it is the intersection of two bisectors)

xc =

∣∣∣∣
(x2

2 − x2
1 + y2

2 − y2
1)/2 y2 − y1

(x2
3 − x2

1 + y2
3 − y2

1)/2 y3 − y1

∣∣∣∣
2∆

yc =

∣∣∣∣
x2 − x1 (x2

2 − x2
1 + y2

2 − y2
1)/2

x3 − x1 (x2
3 − x2

1 + y2
3 − y2

1)/2

∣∣∣∣
2∆

where ∆ is the area of the triangle (p1, p2, p3). Write xc = A/(2∆) and yc = B/(2∆).
The radius of the circle is given by R =

√
(x1 − xc)2 +(y1 − yc)2 =

√
D/(2|∆ |), where

D = (2x1∆ −A)2 +(2y1∆ −B)2. Next observe dist(p,c)2 = (xp − xc)
2 +(yp − xc)

2 =
((2xp∆ −A)2 +(2yp∆ −B)2)/(4∆ 2). Plugging into our expression E and multiplying
by 2∆ yields the simplified expression

E =
√

(2xp∆ −A)2 +(2yp∆ −B)2 − (2x1∆ −A)2 − (2y1∆ −B)2 · (y− yp)

+
√

(2x1∆ −A)2 +(2y1∆ −B)2 · (x− xp) .

Table 1 yields BE = cEM42−L for some constant cE . Next observe that |E| = |H(y−
yp)+ G(x− xp)| =

√
H2 +G2 · dist(t,q) because E is a linear function in x and y and

hence the first order approximation is exact. Also the norm of the normal vector is



√
H2 +G2. Finally, observe H2 + G2 = (2xp∆ −A)2 + (2yp∆ −B)2 = 4∆ 2dist(p,c)2

and hence
√

H2 +G2 = 2|∆ |dist(p,c). So the requirement |E| ≥ 2BE boils down to

|dist(q, t)| ≥ 2BE

2|∆ |dist(p,c)
≥ BE

|∆ |R =
cEM42−L

|∆ |R

and the quantity ∆R is familiar to us from the side-of-circle test for points. In order
to guarantee a lower bound for it, it suffices to guarantee a minimum distance for the
defining points of C.
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