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1. Introduction 

Many data structures used in computational geometry are quite involved and therefore hard to dynamize. 
The purpose of this paper is twofold. In section 1 we describe dynamic fractional cascading. Fractional 
cascading was recently introduced by Chaeelle/Cuibas as a common framework for many data struc- 
tures in computational geometry. They show that it allows to derive numerous old and new results in 
a uniform way and thus enhance our understanding of geometric data structures tremendously. They 
distill a common principle which was implicitely used previously in Vaishnavi/Wood, Willard, Edelsbrun- 
ner/Guibas/ Stolfi, Imai/Asano and others. In section 2 we give an amortized analysis of update cost in 
fractional cascading and show that insertions take 0( 1) amortized time and insertions and deletions take 
0( log log X) amortized time. The analysis is based on the technique developed in Maier/Salveter and 
fluddleston/Mehlhorn (cf. also Mehlhorn, Vol 1) for analyzing amortized update cost in balanced trees. 
The efficient set splitting algorithm of Imai/Asano (a new set splitting and union algorithm based on the 
O(log log N) priority queue of v. Emde Boas) is used as an auxiliary data structure in order to support 
efficient insertions (insertions and deletions). In section 3 we will briefiy survey two recent attempts for 
dynamizing the searching problem in planar subdivisions. 
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2. Fractional Carcading 

2.1. Iterated Search Problema 

Chazelle/Guibas noted that many data structures can be viewed as solutions to iterated search problems 
in iterated search structures. 

An iterated search structure is defined as follows: C = (V, E) is a directed graph, called the search 
graph, vu E V is a special vertex, called the entry point, and U is a linearly ordered set, called the 
universe. For every vertex v E V we are given a set C(v) C U, called the catalogue of v. For every edge 
e E E we are given an interval R(e) = [I(e), r(e)] E II, called the range of e. We assume that the search 
structure is locally bounded, i.e. there is an integer d such that for all z E I/ and all v E V : l{w 1 tu E V 
and z E R(v, w) or z E R(w, v)}I < d An iterated search problem in a search structure is given by a key 
value k E Cl and a subtree T of C rooted at vo. The problem is to determine for every v E T the maximal 
element in C(v) not exceeding k. 

We want to briefly illustrate these definitions. Let S C R2 be a set of n points in the plane, 
and let X(S) be the set of z-coordinates for the points in S. A range tree (Bentley, Lueker, Willard, 
cf. also Mehlhorn Vol. 3)for S consists of a primary tree PT, which is a balanced tree for set X(S). 
For every vertex v of PT the catalogue C(u) consists of those points p E S such that a search for 
z-coordinate z(p) in tree PT goes through v. The catalogues are ordered according to y-coordinate. 
Range trees can be used to solve orthogonal range queries as follows: Let 20, tr, ye, yr be reals. We 
want to enumerate all points in A = S n ([zo, ZI] x [ye, 81)). Let Pi be the search path for Zi, i = O,l, 
in the primary tree and let Q be the set of roots of maximal subtrees between these paths. Then 
A = U(W) n [I/O, 1111 I u E 8). Th us if we have located yo in catalogues C(v), v E Q, then A is readily 
enumerated in time O(lQ[ + 1 AI) = O(logn t 1 AI). 

Range trees are easily viewed as iterated search structures. C is the primary tree, L1 = R is the 
set of y-coordinates, vn is the root of the primary tree and R(e) = CJ for every edge c. The catalogues 
were defined above. An orthogonal range query problem can now be formulated as follows. The tree T 
consists of path PO and Pi together with set Q and the key value k is yu. 

Fractional Cascading (Chaeelle/Guibas) is a method for solving iterated search problems efficiently. 

Theorem 1. (Chazelic/Guibaa): Let N be the total size of the catalogues. Then there is a data structure, 
called fractional cascading, which allows to solve iterated search problems in time 0( log N + 111). The 
data structure requires space 0( N t ICI) an d can be constructed in time 0( N t ICI). I 

Fractional cascading is a generalization of tree search. In tree search we have a single catalogue C which 
we store in the bottom level of the tree. In the level above the leaves we store a fraction, say every fifth, 
of the elements in the bottom level, and so on. In the root level we have a set of size 0( 1). In this way the 
hierarchy has 0( log N) levels, requires space O(N), and allows for 0( log N) searches because 0( 1) time 
per level of the hierarchy is needed. Fractional cascading extends this idea to graphs. With every vertex 
v of the search graph we associate an augmented catalogue A(v) > C(v). The augmented catalogue 
contains C( LJ) and also serves as a directory for the searches in the descendants of v. This is achieved by 
copying a fraction of A(w) into A(u) for every descendant w of v. If this fraction is small enough (say 
every Uth.element) then the space rcquiremcnt will be linear. Also the search will take time O(iog N) 
in the errt@J node and time O(1) in every node of T, hence theorem I. How can we make fractional 
cascading dynamic, i.e. how can we take care of insertions into and deletions from the catalogues? What 
can we learn from dynamic trees, e.g. (a, b)-trees. i.e. trees where every node has between a and b sons, 
2 5 a 5 b. In (a. b)-trees at least one out of every b elements on some levei is stored on the next higher 
level (this ensures the 0( 1) search time per level), and the presence of an element at some level is justified 
(supported) by at least a 2 2 elements at the lower Irvel (this ensures the O( ,+‘) total space requirement 
and the logarithmic height). .4fter an insertion or deletion rebalancing operations (splitting and fusing 
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of internal nodes of the tree) are performed to maintain the structural invariant. Maier/Salveter and 
Huddleston/Mehthorn (cf. also Mehlhorn Vol 1) have shown that the amortized number of rebalancing 
operations after an insertion and deletion is O(1) for an appropriate choice of parameters Q and 6. We 
show how to extend the concept of (a, 6) trees to fractional cascading and prove the analogous result for 
amortized rebalancing cost. More precisely, we show: 

Theorem 2. (Mehlhorn/Nfiher): 

a) Fractional Cascading can handle queries in time 0( log N + IZJ) and insertions in time 0( 1). 

b) Fractional Cascading can handle queries in time 0(( 1 + 111) log log N) and insertions and deletions 
in time 0( log log N). 

All time bounds are amortized. Also, the time rquired to locate the point of insertion/deletion is 
not counted in the insertion and deletion times. Finally, the readers should take care when applying 
this theorem to, for example, range trees. An insertion of a point p E R2 into a range tree corresponds 
to O( log n) insertions into cataloguea (!!!) and hence theorem 2s does not improve upon the results 
of Imai/Asano. However, insertions, deletions and queries into range trees can be handled with time 
0( log n log log n) an improvement over the 0( (log n)2) bounds of Lueker and Willard. A similar remark’ 
applies to segment trees. The 0( log N log log N) bound was obtained previously by Lipski for static 
universes of size N. More importantly theorem 2 gives a general framework for the dynamic behavior of 
these structures. 

2.2. Dynamic Fractional Caacadingz Dednitionm and Static Behavior 

Let a and b, a 5 b, be two integer parameters. We will define the dynamic fractional cascading data 
structure, and analyze its space requirements and search time. 

As mentioned above, there is augmented catabgue A(u) for every vertex v. It satisfies (among other 
properties to be defined below): 

W(4 G A(v) 

2){4 r) E 44 
for every edge c = (u, w) with R(e) = 11, r]. (W e use [, ] for closed intervals and (, ) for open intervab). We 
call z E A(u) a genuine element of A(v) if either z E C(v) or z = I(c) or z = r(e) for some edge e = (v, w). 
All other elements of A(u) are called non-genuine. For z E A(v) let NM.Z(Z) be the suecensor of x in A(u) 
and let p&(t) be its predecessor, i.e. sue(z) = min{y 1 y E A(v) and z 5 9). For z E A(v) and edge 
c = (u, w) with z E R(e) let Plt( 2) be the predecessor of z in A(w), i.c P!(z) = max(y 1 y E A(w) 
and y 5 z}. We assume that #UC(Z), prcd(z) and PY)(z) are realized as pointers. Finally for x E A(u), 
e=(u,w)andz~R(e)let 

f&(4 = (Khd(4), C-k)) n A(w) 

be the set of elements in A(w) between P,Jz) and P,Jpred(z)). If z = I(e) and hence PJpred(z)) 
undefined we let f&(z) = 0. We want our data structures to satisfy the following invariants 

1) For all z E A(u), c = ( u, w) and 2 E R(e) : (I&,( z)I <, 6 
2) For all non-genuine elements z E A(z) there is a direct descendant w = suppott(s) of u with 

t E R(e), e = (u, w) such that: Let y E A(u), y 5 z be maximal such that either y is non-genuine and 
support(y) = support(t) or y = r(e). Then I&,( z)I 2 o where 

su)(d = [R,(Y), Ed,)] n A(w) 

Invariant 1 correspondents to the upper bound on the degree in (a, b)-trees and invariant 2 corresponds 
to the lower bound on the degree 
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Lemma 1. 

Let N = CvEV lC(u)l, S = zvEV IA(u Then S I 2N + 4El p rovided that a 2 2d. Proofz Consider a 
fixed u E V. The number of genuine elements in A(u) is bounded by lC(u)l + Soutdcg(u). Consider the 
non-genuine elements in A(u) next. For a direct descendant w of u, i.e. c = (u, w) E E, let NG,( u) = 
{z E A(u) 1 z is non genuine and support(z) = w}. For z, y E NC,(u), z # y we have S,,,(z)n&,(~) = 0, 
I%(t)l2 a, IUY)I 2 a, Sw(z),Sw(y) E R(e) n A(w), and h ence (NC,(u)1 5 (A(w) f~ R(e)J/a. Thus 

S = v~v14v)l 5 ~(CW -t 2outded4) + c c IA(w) n Nb, 4W 
VEV UEV (u,w)EE 

I N + WI + (d/4 c IA( 
WEV 

since for every t E A(w) there are at mat d edges c with t E R(e). Thus S/2 5 N + 2(El. I 

Let us turn to query time next. We need one additional definition. For z E A(u) let /ind(z) = 
max{y E C(u); y 5 z} be the predecessor of z in the catalogue (not the augmented catalogue). We 
assume that we can compute find(z) in time dN). 

Lemma 2. 

a) Let k E Cl and let z E A(u) be such that pred(s) I k 5 5. If k E R(e), e = (u, w), then time 
O(I) suffices to locate y E A(w) with prcd(y) 5 k 5 y. b) An iterated search problem takes time 
Oh N + l%UW, 
Proof: a) We clearly have P&red(z)) 5 k. Also k 5 z 5 8uc(P,(z)). Hence there are only 6 + 1 
possibilities for item b. 

b) in time O(log N) we can determine z E A(uo) with pre42) < k 5 2. In additional time 0((q) 
we can locate k in all augmented catalogues A(u), u E T. Then time O(q(N)) per node of T is needed to 
locate z in the catalogue itself. I 

In a static environment we have q(N) = 0( 1) since operation find can be realized by a pointer from t 
to jind(z). In a dynamic setting C(u) and A(u) change over time and hence this implementation is not 
adequate We consider the following additional operations: The names for the operations are motivated 
by the fact that C(u) partitions A(u) into intervals. For z E A(u), split(x) makes z into an element of 
C(u). For 2 # A(u), y E A(u) with y = max{ z E A(u); E < 2}, udd(r, y) adds x to A(u). For t E C(u), 
unioa(2) makes z into an element of A(u) - C(u) and finally for 2 E A(u), delete(z) deletes 2 from A(u). 
We assume that each operation above can be executed in (amortized) time U(N). Clearly, if we present 
for every z E C(u) the set of y E A(u) with x = find(y) as a balanced tree then fY( N) = O(log N) and 
q(N) = O(log N). Th ere are better solutions, however. 

Theorem 3a. (Imai, Asano): Operations Find, Split and Add can be realized with q(N) = V(N) = 0( 1) 

Theorem 3b. The full repertoire of all five operations can be realized with q(N) = U(N) = 0( log log N). 

Proofi The data structure is derived from the 0( log log n) priority queue of v. Emde Boas. Let n = 
1 A(u We call an element 2 E A(u) marked iff x E C(u). We store A(u) in groups of between l/f&i 
and 26 elements. With each group we store pointers to the minimal and maximal marked element in 
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it (the cxtrcma pointers). Also each group has a rcprcsentativc. A rcprcscntative is markcd if its group 
contains a marked clement. For each clement z E A(u) we have a pointer to the reprewntative of the 
group containing z (ancestor-pointer) and to the copy oft in thb group (copy-pointer). (cf. Fig. 1) 

rcprcscnta t ives 
m;l r k 
lnin/ln3x --- l 

; 
J35 -----“b 

\ 
. 

\ 

‘\ 

; 

\ 

\ 
L 

copies 

Ihi. 

:i 
\ 
\ ; i 

I 
I 
I 
I 

elements I 
1 

( marks ) ’ ,’ 3 i 
group 1 , 

: 
I 

4 5 6 7 

group 2 

I-- a --II, 

Ihi 8 9 10 

group 3 

Fig. 1 

Each group and the set of representatives is organized recursively in the same way except for one 
detaiL If a group or the set of representatives contains at most one marked element then the cxtrema- 
pointers in the substructures arc undefined. I 

Lemma 3. 

(v.Emdc Boas, cf. also Mchlhorn, Vol I): Find, Union and Split take time O(log log n). The data structure 
requires space 0( n log log n) and can be constructed in time 0( n log log n) 

Proof: The space requirement follows from the observation that there arc 0( log log n) levels of hier- 
archy. Find, Union, Split are called Prcd, Delete and Insert respectively in the priority queue terminology, 
the time bound follows. I 

It remains to deal with operations Delete and Add. Delete z is performed by tagging z and all of its 
copies. Add( z, p) is performed by adding z next to y. The copy pointers are defined in the obvious way 
and the ancestor pointers of z are set to the ancestor pointers of y. In this way Add and Delete take time 
0( log logn). Note however, that the size of ,*\hstructures changes by additions and deletions. Let H be 
a maximal structure which over- or underflows, i.e. the number of elemcmts in H exceeds fi (counting 
the tagged elements) or falls below G/2 (not counting the tagged elements) where w was the size of 
the immediate superstructure of H when it was rebuilt most recently. Let HI be an immediate brother 
structure of H. We combine the elements in H and HI and build new structures S,, Sz,. . . , S, for them, 
1 5 c 2 4, where each S, contains between w and 3w/2 elements. This has cost 0( dwlog log m. It 
also forces us to do 0( 1) adds or deletes in the data structure for the representatives. It remains to 
estimate the amortized rebalancing cost. 
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Lemma 4. Amortized Rebalancing Cost in O((log log n)‘) 

Proof: We charge the O(Jwlog log J/r;) time units to the O(fl .I w eements inserted into the structures 
since it was rebuilt most recently, i.e. 0( log log J/;;) units per element. Since an element is contained in 
structures of size n, n*/*, n’l’, . . . , 1 this adds up to O((log logn)*) per add or delete. I 

It is now easy to complete the proof. We divide A(u) into chunks of size between log log n and 2 log log n. 
The chunks are realized as linear lists, and representatives for the chunks are stored in the data structures 
described above. Then only every 0( log log n)-th add or delete propagates to the data structuredescribed 
above and hence rebalancing time reduces to 0( log log rt). The time bounds for the other operations are 
changed by an additive factor of 0( log log n). I 

3. Dynamic Behavior 

In this section we deal with insertions and deletions. We describe the insertion and deletion algorithms 
and analyze their amortized cost. The algorithms and their analysis show a strong resemblance to 
(a, 6) - trees. We will make the following two assumptions: 

1) When I has to be inserted into C(V) we are given a pointer to z E A(v) with pred( s) 5 r 5 8. 
2) When r has to be deleted from C(V) we are given a pointer to t E A(u). 

Theorem 2. The amortized cost of an insertion or deletion is O(LI(N)). 

The main tool in our amortized analysis is the concept of a token. A token represents the ability to 
Pay for WNW computing time. We will associate accounts with our data structure in which we save 
tokens. Every insertion or deletion deposits O(1) tokens into these accounts. The cost of rebalancing 
operations is covered by withdrawing tokens from these accounts. The details are as follows. 

Let a’, b’ c be integers satisfying the following conditions (The nature of these requirements will 
become clear later on): 

1) ala’< b’s b,a< b,c>O 

2) l(b+ 1)/2J 1 b’ 
3) 6’ 2 d+ 1 
4)cla 

5) c+ a’- aZd(c+a+2) 
One particular choice for the parameters is a = E = 24 a’ = b’ = 2d(d + 1) and b = 26”. 
For every t E A(u) we maintain up to d + 1 accounts, namely the wOaccount for every descendant 

w of u with r E R( u, w) and if r is non-genuine also an Uaccount. (Here 0 and U suggest overflow and 
underflow respectively). The wOaccount for t contains 

‘max(0, Ifnt,(r) - 6’1) 

and the Uaccount of a non-genuine element r with support w = support(r) contains 

ma44 0’ - ISJr)l) 

tokens. 

Remark: The larger It&(r) the more tokens are in the wOaccount of r. In particular, if InL(r) 
overflows, i.e. Ifnt,(r)l 2 6, there will be at least b+ 1 - b’ tokens in this account. Similarly, the smaller 
the support of r, the more tokens are in the Uaccount. 
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During rebalancing we allow elements to temporarily overflow or underflow. Such elements are stored in 
sets Overflow and Underflow respectively. More precisely, Overflow and Underflow contain triples (r, u, w). 
Ifr E A(u),r E R( u, w) and llnt,( r)l 2 6 then (r, u, w) E Ouetflow. If r E A(u), w = support(r) 
and I&,( r)l 5 a then (r, u, w) E CJnderffow. We also associate an account with set Underflow. The 
Underflowaccount contains c$Jn&r/fowl tokens. We are now ready for the insertion algorithm. Suppose 
that we want to insert key r into catalogue C(u). We perform the following algorithm. 

(1) add r to A( ) u ; co r is a genuine element in A(u) oc 
(2) while Overflow # 0 
(3) do let (s, u, w) E Overflow be arbitrary; 

I:; 
choose r E I&,(s) such that 
IlnLd8) n (2 I 2 5 r}l = ll~nL(~W2J; 

(6) add r to A(u); co r is a non-genuine element in A(u) oc 
(‘1 od 

It remains to describe how to add a key r to A(u). Let s E A(u) such that p&(s) < r 5 s. Key s will be 
given to us in line (1) and is defined in line (3) otherwise, We add r between red(s) and 8 to A(u) and 
define P,(r) for all descendants z of u with r E R(u, I). This takes time O(C(N)). Also (the prime refers 
to the situation after inserting r) Int:(r) = In&(s) n 2 1 z 5 r} and fnt:(e) = It&(a) - f&(r). Let 

1 m(z) = Irnt,(s)l,mi(z) = Ilnt:(r)l and ms(z) = lfnt (s)l. Then m(z) = ml(z) +ms(z). Also, there 
were max(0, m(z) - 6’) tokens in the zOaccount of s and we need max(0, mt (2) - 6’) + max(0, ms( z) - 6’) 
tokens in the zoaccount of s and r after insertion. This shows that no additional tokens are needed for 
the zOaccounts of s and r. In line (6) we can say even more For I = w we have m(w) 16 + 1, ml(w) = 
[m(w)/21 and ms(w) = [m(w)/21. S ince ml(w) 2 6’ by requirement 2 we conclude that b’ tokens 
become available in line (6) from the wOaccount of a. kt us look at Uaccounts next. In line (1) there is 
nothing to show since r is a genuine element. In line (6) we let support(r) = w. Note that the support 
of the element 8’ following r and having w = 8UppOd(8’) is also at least ms( w) 2 6’ 1 a’. Thus no 
additional tokens are needed for Uaccounts. 

Finally, we have to consider the predecessors u of u. Let h E A(u) be such that r is added to In&(h). 
Then we add one token to the vOaccount of h and also add (h, u, u) to set Overflow if Ilntk(h)l 2 6. This 
will cost us at most d tokens. 

Lemma 6. The insertion algorithm requires 3d + 1 tokens. 

Proofi The cost of maintaining the data structure is O(Cr( N)) and h ence one token suffices to pay for it. 
We also need d tokens for the ancestors u of u. Thus d+ 1 tokens are needed for line (1). An execution 
of line (6) requires also d + 1 tokens. Since 6’ tokens become available in line (6) and 6’ 1 d + 1 by 
requirement 3 the net cost of line (6) is sero. 1 

We will next turn to the deletion algorithm. Suppose that we want to delete key r from C(u). We declare 
key r a non-genuine element of A(u) (operation union (v)) and add (r, u, w) to set Underflow where w 
is an arbitrary descendant of u. We also define sup@(r) = w, SW(r) = 0 and add c tokens to the 
Underflowaccount and o’ tokens to the Uaccount of r. 

Lemma 6. A deletion costs 1 + c + a’ tokens. 

Proof: We need one token to pay for operation union (v). We need c + a’ tokens for the accounts. g 

It remains to discuss how to cope with set Underflow. Let (r, tp, w) E Underflow. Then g := I&,(r)l 5 
a. r E A(v), and there are a’ - g tokens in the Uaccount of r. ‘41~0 we may use c tokens from the 
Cnderflowaccount. We distinguish two cases. 
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Case A: There is a descendant s of v such that 

ml := l{z E S.(s) 1 2 5 P.(r)}1 3 a and 

m2 := I{z E S.(s) 1 z 2 P*(r)}1 2 ‘l 

where s E A(v), s 1 r, is minimal with support(s) = z. (cf. Fig. 2) 

r 
I 

Fig. 2 

Thus the total number of available tokens is a’ - g + c f max(0, a’ - ml - ms) 1 a’ - a + 1 + c + 
max(0, a’ - ml - ms). The number of required tokens is max(0, a’ - ml) + max(0, a’ - ml) + 1 where the 
one accounts for the time needed to delete the triple (r, u, w) from Underflow. If a’ 5 ml or a’ I ms then 
the available tokens clearly suffice: recall that ml 2 4 ma 2 a So let us assume u’ 1 ml and a’ 1 m2. 
If a’ 2 ml + ml then the available tokens suffice since c 2 a by requirement 4 and if a’ I ml + rnz then 
the available tokens suffice for the very same reason. Thus the net cost of csse A is sera 

case B(= not Case A): No descendant z of u can give sufficient support to r and hence for every 
descendant z of u either Iftats < a or IInt.(aw(r))l 5 Q Note that sue(t) 5 s for the s defined in 
case A. We delete t from A(u) (operation delete (r)) This takes time O(Il(n)). For all ancestors u of u 
with r E R(u, u) let h E A(u) b e such that r E S,(h). The item h may not exist. We add one token to 
the Uaccount of h and add triple (h, u, v) to set Underflow if h overflows. The number of tokens required 
is d(1 + c) and the running time is 0( 1). 

For all descendants z of u with r E R(v, w) we do the following. We add max(a - 1, zOaccount(r)) 
tokens to the soaccount of auc(r) and we add the triple (sue(r), u, w) to Overflow if fnt:(suc(r)) = 
IntJauc(r)) u fnt,( r) exceeds 6 elements. Note that at most max(a- 1, cOaccount(r)) additional tokens 
are required in the zoaccount of euc(r) since either Ilnt,(euc(r))l < a or If&,(r) < a. Thus processing 
the descendants z of u has running time O(1) and requires at most (a - I + 2)d tokens. 

In summary: We have c + (a’ - g) > c + a’ - a+1 tokensavailableandweneedl+d(l+c+a+l) 
tokens. By requirement 5 the available tokens suffice and hence the net cost of case B is zero. 
This completes the proof of Theorem 4. Theorem 2 follows from Theorems 3, 4, and Lemma 2. 
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3. Searching Planar Subdivirion 

We briefly survey results on searching in dynamic planar rubdivisions. A planar subdivision ia a straight 
line embedding of a planar graph into a plane The searching problem is to locate the face of the 
subdivision containing a query point p There are several data structures in the literature achieving 
logarithmic search time and linear space (Lipton/ Tarjan, tiirkpatrick, Edelsbrunner/Guibas/Stol!i). We 
consider the following dynamic variant. An insertion rplits a finite face by a rtraight-line segment and a 
deletion merges two finite faces. 

Theorem 6. 

a) (Fries/MehIhorn, cf. Mehlhorn Vo13, section 8.3.2.3) There is a solution with query and insertion time 
0( log’ n). b) (Fries) Th ere is a solution with query time O(log2 n), insertion and deletion time 0( log’ n). 

Both solutions are based on path decompositions of planar subdivisions (Lee/Preparata). In part 
a) path decompositions are combined with weight balanced trees, in part b) path decompositions are 
combined with a powerful insight about the shape of pblygonr. Call a polygon monotone if its “left” 
and “right” side are polygonal chains which are monotone with respect to y-coordinate. It is shown that 
every polygon P can be decomposed into monotone polygons such that every chord of P intersects at 
most 0( log n) decomposition edges. It is also shown how to maintain such a decomposition dynamically. 
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